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ABSTRACT  

Brain tumour is one of the dominant cancers in the world that lead to death. This paper aims on the review of parallel 

algorithms for the imitation of brain tumours development using 3- dimensional parabolic equation, simulated on a 

distributed parallel computer structure. The numerical finite-difference method is based on design of a platform for 

discretising the parabolic equations. Speedup, efficiency, effectiveness and temporal performance are various features 

that will be analysed for the measurement of parallel performance. In order to improve the speed and performance on a 

distributed parallel computer systemmore number of processors could also be used in solving the mathematical model 
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INTRODUCTION 

A brain tumour is a assembly of isolated cells in the brain. The skull is very inflexible and the brain is 

confined, so any growth inside such a confined space can cause problem. Brain tumours can be malignant or 

benign. When benign or malignant tumours expand they can cause the pressure inside the skull results in brain 

damage and even death. 

Brain tumours are classified as primary or secondary. Primary brain tumours arise in the brain.Secondary 

brain tumoursemerge when cancer cells spread from another organ such as lung or breastto the brain. [1] 

In computer architecture, parallel computing has become the prevalent model.Parallel computing is a type of 

computation in which many calculations are beared out inparallelism   nature, working on the principle that 

large problems can frequently be divided into smaller ones, which are then solved at the same time. [2] 

A parallel virtual machine (PVM) is a distributed computing structure that is designed through a series of 

parallel systems, which are all integrated together to be demonstrated as a integrated simulated machine. This 

software context produces a distributed computing architecture from a parallel connected structure that works 

as a uniform identity to process any high-end computing task. [3] 

GSRB is a data disintegration approach that separates arrays among local processors to reduce the 

communication. The data structure has to be divided where given set of ranges designated to specific 

processors must be physically sent to those processors for processing to be done. [4] 

This study is to capture the enlargement of brain tumour in three dimensional scope and to develop or identify 

the three dimensional growth of brain tumour. The aim is to associate continuous space into discrete space of 

mathematical models which will be converted to standard form and to implement the algorithm to perform 

iterative methods from the discretization of mathematical models. One of the significant objectives of the 

study is to find appropriate algorithm or parallel algorithms for three dimensional brain tumour growth 

models. [5] 

 

LITERATURE SURVEY 

Breward et al. (2004) [6] proposed a multiphase model which describes the vascular tumour growth in which 

the blood vessel density is manifestly considered. The model described in this paper is able to produce the 

image of tumour structure that is found in vivo in certain cases. Their framework can be easily altered to 
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include the effect of other phases. In this paper they present a mathematical model to describe the growth of a 

vascular tumour. They suppose that our tumour consists of three phases, namely tumour cells, blood vessels 

and extracellular material. They formulate their one-dimensional mathematical model by applying 

conservation of mass and momentum to each of the three phases. They explicitly track the pressure within the 

tumour, and include vessel death if the pressure the cells exert on the vessel exceeds a threshold value. In this 

paper they represent graphs showing how the width of the tumour changes with time and how the volume 

fraction of blood vessels changes through the tumour mass using various variables. 

Harpold et al. (2007) [7] presented an historical description of the repetitive comparisons of theory and 

reality, which have allowed the liberal improvement of a relatively simple bio-mathematical model. In this 

paper they discussed only gliomas, but there is certainly a important overlap with recent mathematical 

modelling struggle concerning other cancers. With the inevitable and connected advancements in imaging, it 

is clear that the progress in modelling will continue to transform our understanding of in vivo tumour 

dynamics. They believe that increased understanding of tumour growth dynamics will lead to enhancement in 

the diagnosis and treatment of these diseases. 

Norma Alias and Mohd Said (2007) [4]aims on the implementation of parallel algorithm for the simulation 

of brain tumours growth using one dimensional parabolic equation, designed on a distributed parallel 

computer system. The result of finite difference approximation using explicit, Crank-Nicolson and fully 

implicit methods are presented graphically. The implementation of parallel algorithm based on parallel 

computing system is used to capture the growth of brain tumour. Parallel Virtual Machine (PVM) is 

considered important as communication platform in parallel computer systems. The parallel performance 

measurement will be analysed from the look of speedup, efficiency, effectiveness and temporal performance. 

Both Crank-Nicolson and the fully implicit method are relevant to capture the real life problem. As a result, 

they choose Crank-Nicolson method to be applied in the mathematical model to visualise the growth of brain 

tumour for 30 days. This is because of its stability and accuracy. They used Gauss Seidal Red Black algorithm 

in solving the finite difference equation to implement parallel algorithm. They proposed that GSRB iterative 

using parallel computing shows convergence very fast compared to the parallel algorithm using Gauss Seidel 

(GS) iterative. GSRB is a data decomposition approach that separates arrays among local processors to reduce 

the communication. The data structure has to be divided where given set of ranges designated to particular 

processors must be physically sent to those processors for processing to be done. The result must be sent back 

to whichever processors reliable for coordinating the final result. They also uses the concept of Amdahl’s law 

which states that the speed of a program is the time to execute the program while speedup is defined as ratio 

of the time it takes a program to execute in serial  to the time it takes to execute in parallel. Finally, they 

concluded that the development of mathematical model in visualising the growth of human brain tumour can 

be easily extended into multiple dimensions parabolic equation. More processors could also be used in solving 

the mathematical model in order to improve the speed and performance on a distributed parallel computer 

systems. 

Wilfred D. Steinet al. (2008) [8] developed the regression expansion equationbased on the model that the 

PSA level decreases exponentially but there is also self-standing  exponential regrowth of the tumour reflected 

in the measured PSA level. PSA is one of the highest quality model for metastatic cancer, and for evaluating 

new strategies for disease assessment. They explained the use of mathematics to describe tumour kinetics has 

been widely explored in prostate cancer because of the sensitivity and specificity of the tumour marker PSA. 

Two derivations, PSA doubling time (PSA-DT) and PSA velocity (PSAV), have received special attention. 

The PSA-DT rests on the assumption that increases in PSA follow first-order kinetics and hence an 

exponential growth curve, so that a plot of the log of the PSA versus time produces a slope that should remain 

constant provided the patient is not receiving aneffective therapy. PSA-DT has been advanced as a method to 

discern disease aggressiveness. PSA-DT is a mathematical estimate of the rate of tumour growth. 

Mahlet Aseefaet al. (2009) [9] developed mathematical models for the growth of gliomas within central 

nervous system. The model focuses on two key parameters; the spread of glioma cells to tissues within the 

central nervous system, and the net proliferation rate of glioma cells. According to them, this model considers 

the location of the tumour within the CNS because tumour cells are known to diffuse at a faster pace in white 
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portion as compared to grey portion. As a result, more accurate prediction of patient’s longevity and the time 

period of tumour’s inevitability recurrence can be made. 

Norma Alias et al. (2010) [10] focus on a numerical process which is used for detecting, visualizing and 

monitoring unusual cell growth using large-scale mathematical simulations. The implementation of parallel 

algorithm of the large sparse matrix is viewed and oversee the tumour growth characteristics. They develop 

some mathematical models to quantify the proliferation and invasion dynamics of tumour within anatomically 

accurate heterogeneous human cells. The main objective of this paper is to give a quick numerical process to 

view abnormal cell growth in multidimensional space. Various numerical schemes called New 

Iterative Alternating Decomposition Explicit (IADE), New Alternating Group Explicit Methods (AGE) and 

Red Black Gauss Seidel methods (RBGS) are used for solving linear system of equation generated by the 

finite difference method as they will converge very fast as compared to sequential algorithms. They obtain 

results that reflect the numerical analysis and the parallel performance evaluations are analysed using various 

parameters such as accuracy, convergence, stability, errors, residual, speedup, efficiency, effectiveness and 

temporal performance. They also proposed the equations for computational complexity and communication 

cost of fast numerical method. At the end they concluded that the future research will be the implementation 

of  the higher order of parabolic equation for the parallel system optimization in terms of numerical analysis 

and parallel performance evaluations.  

Anne Talkington and Rick Durrett (2014) [11] develop the methods for estimating tumour growth rates in 

vivo. They tried to fit power law, exponential, Gompertz, and Spratt’s generalized logistic model to five data 

sets. They develop various tumour growth rate models as this is an important problem because an accurate 

model of tumour growth is needed for evaluating screening strategies. Exponential growth is the most 

commonly used tumour growth model. Cells divide at a constant rate independent of tumour size. This 

describes the ideal scenario in which cells divide without constraint, and continue to double indefinitely. The 

power-law with linear death model is used to fit the growth of tumour spheroids in vitro and patient data. The 

Gompertz model was put forward as a means to explain human mortality curves and hence determine the 

value of life insurances. The generalized logistic interpolates between the logistic and the Gompertz. Each 

model has a growth rate r. They assume that their data will give the tumour volume at two time points, t1 and 

t2. In each case this allows us to solve for the value of r. They will estimate the growth rate by averaging the 

values of r computed for all of the tumours in the data. They represent the table that gives the rate estimates 

for our five data sets first for the various power laws and the exponential (which corresponds to power 1), then 

continues with the generalized logistic (the Logistic 

 β = 1 and Spratt’s model β = 1/4), and the Gompertz (which is the limit β→ 0). In the last case, they give both 

the rate estimate ˆrG and the initial growth rate α0 = Ar. At the end they compare various models on the basis 

of growth rate. If the rate of growth rVtf(Vt) in the model being fitted is slower than the actual tumour 

dynamics, we would expect ˆr to increase when plotted against the initial volume V1, or if we use linear 

regression to fit a straight line, then the slope would be positive otherwise vice versa. They concluded that the 

results reported here show that the method is useful for quantifying tumour growth rates and comparing 

different models. 

Wong et al. (2014) [12] propose a framework comprising a reaction-diffusion equation and a hyper elastic 

biomechanical model for pancreatic tumour growth. Using this framework, more complicated objective 

functions can be studied, and they propose an objective function which accounts for both the mean-squared 

errors (MSE) of intra-cellular volume fractions (ICVF) and the volume differences between simulations and 

measurements. Comparisons of using different biomechanical models and objective functions were also 

performed. Tumour invasion and proliferation can be modelled by various models such as Physiological Data 

Fusion with Reaction-Diffusion Equation,Hyper elastic Mechanical Model for Mass Effect,Gradient-Free 

Nonlinear Optimization. The proposed framework and two other frameworks were tested on synthetic and 

clinical data, to study the differences between using linear and nonlinear biomechanical models, and between 

with and without ICVF. At the end they concluded that all frameworks have similar prediction performance, 

as the differences among the frameworks are subtle with slow tumour growth. Although it is difficult to select 
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the best framework because of this limitation, the high prediction performance shows that the results are 

promising. 

Szeto et al. (2015) [13] proposedbio-mathematical model for glioma kinetics reports the spatial and temporal 

gradual directional change of a glioma in terms of concentration of malignant tumour cells. This model has 

already been proved useful as a novel tool to dynamically quantify the net rates of proliferation (ρ) and 

invasion (D) of the glioma cells in individual patients. They identified a reaction-diffusion partial differential 

equation used to describe the density of glioma cancer cells (c) in terms of two net rates: motility (D) and 

proliferation (ρ). The equation relates the temporal rate of change of glioma cell density at the spatial location 

x with the diffuse motility of the cancer cells near that location and the net cell proliferation of those cells 

locally. The net motility rate varies depending on the location in the brain to allow for an increased velocity of 

migration through white matter than though grey. The (maximum) net proliferation rate ρ includes both birth 

and death rates. In this model they assume that glioma cell invasion throughout the brain is a diffusion process 

and that the coefficient of diffusion (D) can vary in space depending on the grey and white composition of the 

brain at that location. At the end they concluded that the future of the modelling effort will continue to 

develop and refine predictions regarding glioma. 

 

COMPARATIVE STUDY 

 Table 1: comparison of various papers based on some parameters 
Parameters Parallel algorithm 

for human tumour 

growth prediction 

 

Abnormal cell 

growth 

prediction  

High 

Performance 

simulation using 

parabolic 

equation 

 

Mathematical 

modelling of 

glioma 

proliferation 

and diffusion  

 

Evolution of 

mathematical 

modelling of 

glioma 

proliferation and 

invasion 

Speedup Yes Yes Yes No No 

Efficiency Yes Yes Yes No No 

Effectiveness Yes Yes Yes No No 

Temporal Yes Yes Yes No No 

Proliferation Rate No No No Yes Yes 

Diffusion Rate No No No Yes Yes 

Computational time No Yes No No No 

Computational cost No Yes No No No 

Communication time No Yes No No No 

 

CONCLUSION 

At the end, we reviewed that as we increase the number of processors the efficiency of the system decreases 

so that in order to improve speed and performance we have to use more number of processors as efficiency is 

directly proportional to speedup. We can also extend the visualization or prediction of human tumour growth 

in multi dimension parabolic equation. We try to find out a more accurate prediction of patient’s longevity and 

the time period of tumour’s inevitability recurrence can be made. This accuracy will make doctor’s to make 

more accurate diagnosis and treatment of glioma results in extending patient’s survival. There are various 

ways to implement fast numerical simulation under consideration are some explicit methods called IADE, 

AGE and Brian. The contribution of all these methods in the area of prediction of human tumour growth is 

reviewed. The comparison of various techniques is done.  

 

REFERENCES 
[1]  Helen Byrne and Luigi Prezios “Modelling solid tumour growth using the theory of mixtures”, Mathematical 

Medicine and Biology (2003) 20, 341–366  

[2]  https://en.wikipedia.org/wiki/Parallel_computing 

https://en.wikipedia.org/wiki/Parallel_computing


  
 
 
 

61 Sukhpreet Kaur, Anil Kumar 

 

International Journal of Engineering Technology Science and Research 

IJETSR 

www.ijetsr.com 

ISSN 2394 – 3386 

Volume 3, Issue 1 

January 2016       

[3]  https://www.techopedia.com/definition/12185/parallel-virtual-machine-pvm 

[4]  Pheng h. s., Norma alias & Norfarizan Mohd Said “High Performance Simulation for Brain Tumours Growth 

Using Parabolic Equation on Heterogeneous Parallel Computer System”, Journal Technology Maklumat & 

Multimedia 4(2007): 39-52 

[5]  Norma Alias,Mohd Ikhwan Safa bin Maseeri,Md.Rajibul Islam and Siti Nurhidayah Khalid “The visualization 

of three dimensional brain tumour’s growth on distributed parallel computer systems”Journal of Applied 

Sciences 9(3):505-512,2009 

[6]  Christopher j. w. breward, Helen m. byrne and Claire e. lewis “A Multiphase Model Describing Vascular 

Tumour Growth”, Bulletin of Mathematical Biology (2004) 01, 1–28 

[7]  Hana L.P. Harpold, BS, Ellsworth C. Alvord, Jr., MD, and Kristin R. Swanson, PhD “The Evolution of 

Mathematical Modeling of Glioma Proliferation and Invasion”, American Association of Neuropathologists, 

Inc.Vol. 66, No. 1 January 2007 pp. 1Y9 

[8]  Wilfred D. Stein,William Doug Figg, William Dahut, Aryeh D. Stein, Moshe B. Hoshend, Doug Price, Susan E. 

Bates, and Tito Fojo “Tumor Growth Rates Derived from Data for Patients in a Clinical Trial Correlate Strongly 

with Patient Survival: A Novel Strategy for Evaluation of Clinical Trial Data” Oncologist . 2008 October; 

13(10): 1046–1054. doi:10.1634/theoncologist.2008-0075. 

[9]  Mahlet Assefa, Rusella Rockne, MS, Kindy Zero,Kristin R.Swanson “Mathematical modelling of glioma 

proliferlation and diffusion”,Ethnicity and disease,volume 19,summer 2009 

[10]  Norma Alias, Md. Rajibul Islam, Rosdiana Shahir, Hafizah Hamzah,  Noriza Satam, Zarith Safiza, Roziha 

Darwis, Eliana Ludin, and Masrin Azami “Parallel System for Abnormal Cell Growth Prediction Based on Fast 

Numerical Simulation”, Springer-Verlag Berlin Heidelberg 2010 

[11]  Anne Talkington and Rick Durrett “Estimating tumor growth rates in vivo” 

[12]  Ken C. L. Wong, Ronald M. Summers, Electron Kebebew, and Jianhua Yao “Tumor Growth Prediction with 

Hyperelastic Biomechanical Model, Physiological Data Fusion, and Nonlinear Optimization”,  Med Image 

Comput Comput Assist Interv. 2014 ; 17(0 2): 25–32. 

[13]  Mindy D. Szeto, Gargi Chakraborty, Jennifer Hadley, Russ Rockne, Mark Muzi, Ellsworth C. Alvord Jr, 

Kenneth A. Krohn, Alexander M. Spence, and Kristin R. Swanson “Quantitative metrics of net proliferation and 

invasion link biological aggressiveness assessed by MRI with hypoxia assessed by FMISO-PET in newly 

diagnosed glioblastomas”, Cancer Res . 2009 May 15; 69(10): 4502–4509. doi:10.1158/0008-5472.CAN-08-

3884. 

[14]  Araujo RP, McElwain DL. A history of the study of solid tumour growth: The contribution of mathematical 

modelling. Bull Math Biol 2004;66:1039Y91 

 

https://www.techopedia.com/definition/12185/parallel-virtual-machine-pvm

