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Abstract In this paper, the concepts of δsg* -closed functions and δsg* -open functions are introduced and their 

properties are studied. The interrelationships of these newly introduced functions with various functions are analysed 

and the dependence links are depicted. As a next concept,δsg* -homeomorphisms are introduced. We have also studied 

the composition of closed functions, open functions and homeomorphisms and some characterizations. 
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1. Introduction 

 The notion homeomorphism plays a very important role in topology. Malghan [15] introduced the 

concept of generalized closed maps in topological spaces in 1982. In 1991, Maki [14] introduced g-

homeomorphisms and gc-homeomorphisms in topological spaces. The concept of semi generalized 

homeomorphisms and generalized homeomorphisms were introduced by Devi [3] in 1995. In this paper, we 

first introduce δsg* -closed functions in topological spaces and then we introduce a new class of 

homeomorphisms called δsg* -homeomorphism. The study of dependency, independency of the δsg* -

homeomorphism functions with other functions in the literature is done. Its properties under composition of 

functions are analysed. It is shown that separation axioms are helpful to modify some composition of 

functions. 

 

2. Preliminaries 

 Throughout this paper(X, τ) and (Y, σ) represent non empty topological spaces on which no separation 

axioms are assumed unless otherwise mentioned. For a subset A of a topological space (X, τ), the interior of A 

and the closure of A are denoted by int(A) and cl(A) respectively. Here we recall the following known 

definitions and results, which are used in the sequel. 

Definition 2.1 A subset A of a topological space (X, τ) is called a 

1) Regular open set [16] if A = int(cl(A))   

2) Semi open set [12] if A  cl(int(A)) 

3) δ-open set [17] if it is the union of regular open sets.  

4) δ-semi open [9] if A  cl(δ-int(A)) 

The complement of the above mentioned open sets are their respective closed sets. The intersection of all 

regular closed (resp. semi closed, δ-closed and δ-semi closed) subsets of (X, τ) containing A is called the 

regular closure (resp. semi closure, δ-closure and δ-semi closure) of A and is denoted by rcl(A) (resp. scl(A), 

δ-cl(A) and δ-scl(A)). 

Definition 2.2 A subset A of a topological space (X, τ) is called  

1) g-closed set [13] if cl(A)  U whenever A  U and U is open in (X, τ). 

2) δsg*-closedset [7] if δ-scl(A)  U whenever A  U and U is g-open in (X, τ). 

3) δg-closed set [5] if δ-cl(A)  U whenever A  U and U is open in (X, τ).  

4) gδ-closed set [6] if cl(A)  U whenever A  U and U is δ-open in (X, τ). 
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Definition 2.5 [8] A space (X, τ) is said to be a δsg*Tδ -space if every δsg*-closed subset of (X, τ) is δ-closed in 

(X, τ). 

Definition 2.6 A map f : (X, τ) → (Y, σ) is called 

1) Continuous[13] if the inverse image of every closed set in (Y, σ) is closed in (X, τ). 

2) g-Continuous[1] if the inverse image of every closed set in (Y, σ) is g-closed in (X, τ). 

3) δsg*-Continuous[8] if the inverse image of every closed set in (Y, σ) is δsg*-closed in (X, τ). 

4) Quasi δsg*-Continuous[8] if the inverse image of every δsg*-closed set in (Y, σ) is closed in (X, τ). 

Definition 2.7 A map f : (X, τ) → (Y, σ) is called 

1) Irresolute[2] if f-1(V) is a semi closed set of (X, τ) for every semi closed set V of (Y, σ). 

2) δsg*-irresolute[8] if f-1(V) is a δsg*-closed set of (X, τ) for every δsg*-closed set V of (Y, σ). 

Definition 2.8 A function f : (X, τ ) → (Y, σ) is called: 

1) δ-open [17] if f (V) is δ-open in (Y, σ) for every open set V in (X, τ ). 

2) δ-semi open [9] if f (V) is δ-semi open in (Y, σ) for every open set V in (X, τ ). 

Definition 2.9 A bijective function f : (X, τ ) → (Y, σ) is called a 

1) g-homeomorphism [14] if f is bothg-continuous and g-open function. 

2) sg-homeomorphism [3] if f is both sg-continuous and sg-open function. 

3) δ-homeomorphism [17] if f is both δ-continuous and δ-open function. 

4) δ-semi homeomorphism [9] if f is both δ-semi continuous and δ-semi open function. 

5) gs-homeomorphism [3] if f is both gs-continuous and gs-open function. 

6) δgs-homeomorphism [11] if f is both δgs-continuous and δgs-open function. 

7) gδs-homeomorphism [10] if f is both gδs-continuous and gδs-open function. 

8) gsp-homeomorphism [4] if f is both gsp-continuous and gsp-open function. 

3. δsg* - Closed Functions 

 In this section, we introduce δsg* -closed functions and δsg* -open functions and obtain some 

characterizations of these functions. 

Definition 3.1 A function f : (X, τ) → (Y, σ) is called a δsg* -closed function if the image of each closed set 

in (X, τ) is δsg* -closed in (Y, σ). 

Example 3.2 Let X = Y = {a, b, c} with τ = {X, ϕ, {a}, {b,c}} and σ = {Y, ϕ, {a}, {b}, {a,b}}. Let f : (X, τ) 

→ (Y, σ) be the function defined by f(a) = c, f(b) = a, f(c) = c. Then f is δsg* -closed function. 

Proposition 3.3(a) Every δ -closed function is δsg* -closed but not conversely. 

(b) Every δ-semi closed function is δsg* -closed but not conversely. 

Example 3.4Let X = Y = {a, b, c} with τ = {X, ϕ, {a}, {b}, {a,b}} and σ = {Y, ϕ, {a}, {b}, {a,b}, {a,c}}. Let 

f : (X, τ) → (Y, σ) be defined by f(a) = b, f(b) = a, f(c) = c. Then f is a δsg* -closed function but not δ -closed 

(resp. δ-semi closed), since for the closed set {c} in (X, τ), f{c} = {c} is not a δ -closed (resp. δ-semi closed) 

function in (Y, σ). 

Proposition 3.5(a)  Every δsg* -closed function is gs -closed. 

(b)  Every δsg* -closed function is δgs -closed. 

(c)  Every δsg* -closed function is gδs -closed. 

(d)  Every δsg* -closed function is gsp -closed. 

Proof: Follows from the fact that every δsg* -closed set is gs -closed, δgs -closed, gδs -closed and gsp -closed. 

Example 3.6Let X = Y = {a, b, c} with τ = {X, ϕ, {a}, {a,b}} and σ = {Y, ϕ, {a}}. Let f : (X, τ) → (Y, σ) be 

the identity function. Then f is gs -closed, δgs -closed, gδs -closed and gsp -closed functions but not a δsg* -

closed function, since for the closed set {c} in (X, τ), f{c} = {c} is not δsg* -closed in (Y, σ). 
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Remark 3.7The following examples show that δsg* -closed function is independent from δg -closed function 

and gδ -closed function. 

Example 3.8Let X = Y = {a, b, c} with τ = {X, ϕ, {a}, {a,b}, {a,c}} and σ = {Y, ϕ, {a}, {b,c}}. Let f : (X, τ) 

→ (Y, σ) be defined by f(a) = c, f(b) = a, f(c) = b. Then f is both δg -closed and gδ -closed but not a δsg* -

closed function, since for the closed set {b,c} in (X, τ), f{b,c} = {a,b} is a both δg -closed and gδ -closed set 

but not δsg* -closed in (Y, σ). 

Example 3.9Let X = Y = {a, b, c} with τ = {X, ϕ, {a}, {b}, {a,b}, {a,c}} and σ = {Y, ϕ, {a}, {b}, {a,b}}. Let 

f : (X, τ) → (Y, σ) be the identity function. Then f is δsg* -closed but not a δg -closed function and not a gδ -

closed function, since for the closed set {b} in (X, τ), f{b} = {b} is not δg -closed and gδ -closed but it is δsg* 

-closed in (Y, σ). 

Theorem 3.10If f : (X, τ) → (Y, σ) is a δsg* -closed function and A is a closed subset of (X, τ), then f|A: (A, 

τ|A) → (Y, σ) is a δsg* -closed function. 

Proof: Let B  A be a closed set in (A, τ|A). Since A is closed in (X, τ), B is closed in (X, τ). Since f is a δsg* -

closed function, f(B) = (f|A)(B) is δsg* -closed in (Y, σ). Hence f|A is a δsg*-closed function. 

Theorem 3.11A function f : (X, τ) → (Y, σ) is δsg* -closed if and only if for each subset G of (Y, σ) and for 

each open set U of (X, τ) containing f-1(G), there exists a δsg* -open set B of (Y, σ) such that G  B and f-1(B) 

 U. 

Proof: Let f be a δsg* -closed function and let G be a subset of (Y, σ), U be an open set of (X, τ) containing f-

1(G). Then X \ U is closed in (X, τ). Since f is δsg* -closed, f(X \ U) is a δsg* -closed set in (Y, σ). Hence Y \ 

f(X \ U) is a δsg* -open set in (Y, σ). Take B = Y \ f(X \ U). Then B is δsg* -open in (Y, σ) containing G such 

that f-1(B)  U. 

 Conversely, Let F be a closed subset of (X, τ). Then f-1(Y \ f(F))  X \ F and X \ F is open. By 

hypothesis, there is a δsg* -open set B of (Y, σ) such that Y \ f(F)  B and f-1(B)  X \ F. Therefore F  X \ f-

1(B). Hence Y \ B  f(F)  f(X \ f-1(B)) Y \ B, which implies f(F) = Y \ B and hence f(F) is δsg* -closed in 

(Y, σ). Thus f is a δsg* -closed function. 

Theorem 3.12A bijective function f : (X, τ) → (Y, σ) is a δsg* -closed function if and only if f(U) is δsg* -

open in (Y, σ) for every open set U in (X, τ). 

Proof: Let f : (X, τ) → (Y, σ) be a δsg* -closed function and U be an open set in (X, τ). Then X \ U is a closed 

set in (X, τ). Since f is a δsg* -closed function, f(X \ U) is a δsg* -closed set in (Y, σ). Since f is bijection, f(X \ 

U) = X \ f(U) and hence X \ f(U) is δsg* -closed in (Y, σ). Hence f(U) is δsg* -open in (Y, σ). 

 Conversely, Let U be a closed subset of (X, τ). Then X \ U is an open set in (X, τ). By the hypothesis, 

f(X \ U) is δsg* -open in (Y, σ). Since f is bijective, f(X \ U) = X \ f(U) and hence f(U) is δsg* -closed in (Y, 

σ). Thus f is a δsg* -closed function. 

Remark 3.13Bijection of f is necessary in the above theorem which can be seen in the following example. 

Example 3.14Let X = Y = {a, b, c} with τ = {X, ϕ, {a}} and σ = {Y, ϕ, {a}, {a,b}}. Let f : (X, τ) → (Y, σ) be 

defined by f(a) = b, f(b) = a, f(c) = a. Here f is not bijective. Then for the only open set {a} in (X, τ), f{a} is 

δsg* -open in (Y, σ) but f is not a δsg* -closed function as for the closed set {b,c} in (X, τ), f{b,c} = {a} is not 

δsg* -closed in (Y, σ). 

Remark 3.15The composition of two δsg* -closed functions is not a δsg* -closed function as shown in the 

following example. 

Example 3.16Let X = Y = Z = {a, b, c} with τ = {X, ϕ, {a}, {a,b}}, σ = {Y, ϕ, {a,b}} and η = {Z, ϕ, {a}, 

{b,c}}. Let f : (X, τ) → (Y, σ) be defined by f(a) = b, f(b) = a, f(c) = c and g : (Y, σ) → (Z, η) be defined by 

g(a) = c, g(b) = b, g(c) = a. Then f and g are δsg* -closed functions but their composition g ◦ f : (X, τ) → (Z, η) 

is not δsg* -closed function, since for the closed set {b,c} in X, (g ◦ f){b,c} = {a,c} is not δsg* -closed in (Z, 

η). 
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Theorem 3.17If f : (X, τ) → (Y, σ) is a closed function and g : (Y, σ) → (Z, η) is a δsg* -closed function then 

g ◦ f : (X, τ) → (Z, η) is a δsg* -closed function. 

Proposition 3.18Let f : (X, τ) → (Y, σ) and g : (Y, σ) → (Z, η) be δsg* -closed functions and (Y, σ) be a δsg*Tδ 

-space. Then their composition g ◦ f : (X, τ) → (Z, η) is a δsg* -closed function. 

Theorem 3.19Let f : (X, τ) → (Y, σ) and g : (Y, σ) → (Z, η) be any two functions: 

(a)  If g ◦ f : (X, τ) → (Z, η) is δsg* -closed and g is δsg* -irresolute injective then f is a δsg* -closed function. 

(b)  If g ◦ f : (X, τ) → (Z, η) is δsg* -irresolute and g is δsg* -closed injective then f is a δsg* -continuous 

function. 

Proof: (a) Let U be a closed set in (X, τ). Since g ◦ f is δsg* -closed, g ◦ f(U) is δsg* -closed in (Z, η). 

Therefore g(f(U)) is δsg* -closed in (Z, η). Since g is δsg* -irresolute, g-1(g(f(U))) is δsg* -closed in (Y, σ). 

Since g is injective, g-1(g(f(U))) = f(U) is δsg* -closed in (Y, σ). Hence f is a δsg* -closed function. 

(b) Let V be a closed set in (Y, σ). Since g is δsg* -closed, g(V) is δsg* -closed in (Z, η). Since g ◦ f is δsg* -

irresolute, (g ◦ f)-1(g(V)) is δsg* -closed in (X, τ). Therefore f-1(g-1(g(V))) is δsg* -closed in (X, τ). Since g is 

injective, g-1(g(V)) = V and hence f-1(V) is δsg* -closed in (X, τ). Therefore f is a δsg* -continuous function. 

Theorem 3.20Let f : (X, τ) → (Y, σ) and g : (Y, σ) → (Z, η) be any two functions such that g ◦ f : (X, τ) → 

(Z, η) be a δsg* -closed function. If f is continuous then g is a δsg* -closed function. 

Proof: Let V be a closed set in (Y, σ). Since f is continuous, f-1(V) is closed in (X, τ). Since g ◦ f is δsg* -

closed, (g ◦ f)(f-1(V)) is δsg* -closed in (Z, η). That is g(V) is δsg* -closed in (Z, η). Hence g is a δsg* -closed 

function. 

Proposition 3.21Let f : (X, τ) → (Y, σ) and g : (Y, σ) → (Z, η) be two functions such that their composition g 

◦ f : (X, τ) → (Z, η) is a δsg* -closed function. Then the following statements are true. 

(a) If f is a surjective continuous function, then g is a δsg* -closed function. 

(b) If f is a surjective g-continuous function and (X, τ) is a T1/2 -space, then g is a δsg* -closed function. 

(c) If f is a quasi δsg* -continuous function and injective, then f is a closed function. 

Proof: (a) Let A be any closed set in (Y, σ). Since f is continuous, f-1(A) is closed in (X, τ). Since g ◦ f is a 

δsg* -closed function, (g ◦ f)(f-1(A)) is δsg* -closed in (Z, η). Since f is surjective, (g ◦ f)(f-1(A)) = g(A). Hence 

g(A) is δsg* -closed in (Z, η). Therefore g : (Y, σ) → (Z, η) is a δsg* -closed function. 

(b) Let V be any closed set in (Y, σ). Since f is g-continuous, f-1(V) is g-closed in (X, τ). Since (X, τ) is T1/2-

space, f-1(V) is closed in (X, τ). Since g ◦ f is δsg* -closed and f is surjective, (g ◦ f)(f-1(V)) = g(V) is δsg* -

closed in (Z, η). Therefore g : (Y, σ) → (Z, η) is a δsg* -closed function. 

(c) Let V be any closed set in (X, τ). Since g ◦ f is a δsg* -closed function, (g ◦ f)-1(V) is δsg* -closed in (Z, η). 

Since g is quasi δsg* -continuous and injective g-1(g ◦ f)(V) = f(V) is closed in (Y, σ). Therefore f : (X, τ) → 

(Y, σ) is a closed function. 

Definition 3.22A function f : (X, τ) → (Y, σ) is called a δsg* -open function if the image of each open set in 

(X, τ) is a δsg* -open set in (Y, σ). 

Proposition 3.23For any bijective function f : (X, τ) → (Y, σ) the following statements are equivalent. 

(a)  f-1 : (Y, σ) → (X, τ) is a δsg* -continuous function. 

(b)  f is a δsg* -open function. 

(c)  f is a δsg* -closed function. 

Proof: (a)  (b) Let U be an open set in (X, τ). Since f-1 is a δsg* -continuous function,(f-1)-1(U) is δsg* -open 

in (Y, σ). As f is bijective, (f-1)-1(U) = f(U) which is δsg* -open in (Y, σ). Hence f is a δsg* -open function. 

(b)  (c) Let V be a closed set in (X, τ). Then X \ V is open in (X, τ). Since f is δsg* -open, f(X \ V) is δsg* -

open in (Y, σ). That is f(X \ V) = Y \ f(V) which is δsg* -open in (Y, σ). This implies that f(V) is δsg* -closed 

in (Y, σ). Hence f is a δsg* -closed function. 



 
 
 
 
 
 
 
 
 
 

 
 

690 Geethagnanaselvi B and Sivakamasundari K 

 

International Journal of Engineering Technology Science and 

Research 

IJETSR 

www.ijetsr.com 

ISSN 2394 – 3386 

Volume 4, Issue 6 

June 2017 

(c)  (a) Let V be a closed set in (X, τ). Since f is a δsg* -closed function, f(V) is δsg* -closed in (Y, σ). But 

f(V) = (f-1)-1(V) is δsg* -closed in (Y, σ). Hence f-1 is a δsg* -continuous function. 

Proposition 3.24Let f : (X, τ) → (Y, σ) be any function and g : (Y, σ) → (Z, η) be injective and a δsg* -

irresolute function. If their composition function g ◦ f : (X, τ) → (Z, η) is δsg* -open then f is δsg* -open in (Y, 

σ). 

 

4. δsg* -Homeomorphisms 

 In this section we introduce and study a new concept of homeomorphisms namely δsg* -

homeomorphisms. We obtain that homeomorphisms and δsg* -homeomorphisms are independent. 

Definition 4.1 A bijective function f : (X, τ) → (Y, σ) is called a δsg*-homeomorphism if  f is both δsg* -

continuous and a δsg* -open function. 

Remark 4.2 (a)  Every δ-homeomorphism is a δsg*-homeomorphism but not conversely. 

(b)  Every δ-semi homeomorphism is a δsg*-homeomorphism but not conversely. 

Example 4.3 Let X = Y = {a, b, c} with τ = {X, ϕ, {a}} and σ = {Y, ϕ, {a}}. Let f : (X, τ) → (Y, σ) be the 

identity function. Then f is a δsg* -homeomorphism but not δ-homeomorphism and not δ-semi 

homeomorphism as f is not a δ-open function and not a δ-semi open function, since for the open set {a} in (X, 

τ), f{a} = {a} is not δ-open and not δ-semi open in (Y, σ). 

Proposition 4.4Every δsg* -homeomorphism is a gs -homeomorphism but not conversely. 

Proof: Let f : (X, τ) → (Y, σ) be a δsg* -homeomorphism. Then f is bijective, δsg* -continuous and δsg* -open 

function. Let V be a closed set in (Y, σ). Then f-1(V) is δsg* -closed in (X, τ). ByTheorem 3.14 [7], every δsg* 

-closed set is gs -closed, f-1(V) is gs -closed in (X, τ). This implies that f is gs -continuous. Let U be an open 

set in (X, τ). Then f(U) is δsg* -open in (Y, σ). Since every δsg* -open set is gs -open, f(U) is gs -open in (Y, 

σ). Hence f is a gs -open function. Therefore f is a gs -homeomorphism. 

Example 4.5Let X = Y = {a, b, c} with τ = {X, ϕ, {a}, {a,b}, {a,c}} and σ = {Y, ϕ, {a}, {a,b}}. Let f : (X, τ) 

→ (Y, σ) be the identity function. Then f is gs -homeomorphism but not a δsg* -homeomorphism, since for the 

closed set {c} in Y, f-1{c} = {c} is not δsg* -closed in X. 

Proposition 4.6(a) Every δsg* -homeomorphism is a δgs -homeomorphism. 

(b) Every δsg* -homeomorphism is a gδs -homeomorphism. 

(c) Every δsg* -homeomorphism is a gsp -homeomorphism. 

Proof: Follows from the fact that every δsg* -continuous function (resp. open function) is δgs-, gδs-, gsp-

continuous function (resp. open function). The reverse relations don’t hold good which can be seen from the 

following examples. 

Example 4.7Let X = Y = {a, b, c} with τ = {X, ϕ, {a}, {a,b}} and σ = {Y, ϕ, {a}, {b}, {a,b}}. Let f : (X, τ) → 

(Y, σ) be the function defined by f(a) = b, f(b) = c, f(c) = a. Then f is a δgs -homeomorphism but not a δsg* -

homeomorphism, since for the closed set {b,c} in (Y, σ), f-1{b,c} = {a,b} is not δsg* -closed in (X, τ). This 

implies f is not a δsg* -homeomorphism. 

Example 4.8Let X = Y = {a, b, c} with τ = {X, ϕ, {a}} and σ = {Y, ϕ, {a}, {b}, {a,b}}. Let f : (X, τ) → (Y, 

σ) be the identity function. Then f is a gδs -homeomorphism but not a δsg* -homeomorphism, since for the 

closed set {a,c} in (Y, σ), f-1{a,c} = {a,c} is not δsg* -closed in (X, τ).  

Example 4.9Let X = Y = {a, b, c, d} with τ = {X, ϕ, {a}, {a,b}} and σ = {Y, ϕ, {a}, {b}, {a,b}, {a,b,c}, 

{a,b,d}}. Let f : (X, τ) → (Y, σ) be the identity function. Then f is a gsp -homeomorphism but not a δsg* -

homeomorphism, since for the closed set {d} in (Y, σ), f-1{d} = {d} is not δsg* -closed in (X, τ).  

Remark 4.10 A homeomorphism and a δsg* -homeomorphism are independent of each other as shown in the 

following examples. 
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Example 4.11 Let X = Y = {a, b, c, d} with τ = {X, ϕ, {a}, {a,b}} and σ = {Y, ϕ, {a,b}}. Let f : (X, τ) → (Y, 

σ) be the identity function. Then f is δsg* -open and δsg* -continuous. Hence f is a δsg* -homeomorphism but 

not a homeomorphism, since for the image of open set {a} in (X, τ), f{a} = {a} is not open in (Y, σ). Hence f 

is not an open function. Therefore f is not a homeomorphism. 

Example 4.12 Let X = Y = {a, b, c} with τ = {X, ϕ, {a}, {a,b}, {a,c}} and σ = {Y, ϕ, {a}, {a,b}, {a,c}}. Let f 

: (X, τ) → (Y, σ) be the identity function. Then f is open and continuous. Hence f is a homeomorphism but not 

a δsg* -homeomorphism, since for the closed set {c} in (Y, σ), f-1{c} = {c} is not δsg* -closed in (X, τ). Hence 

f is not a δsg* -homeomorphism. 

Remark 4.13 A g -homeomorphism and a δsg* -homeomorphism are independent of each other as shown in 

the following examples. 

Example 4.14 Let X = Y = {a, b, c} with τ = {X, ϕ, {a}, {b}, {a,b}, {a,c}} and σ = {Y, ϕ, {a}, {b}, {a,b}}. 

Let f : (X, τ) → (Y, σ) be the identity function. Then f is δsg* -open and δsg* -continuous. Hence f is a δsg* -

homeomorphism but not a g -homeomorphism, since for the image of open set {a,c} in (X, τ), f{a,c} = {a,c} 

is not g-open in (Y, σ). Hence f is not a g -open function. Therefore f is not a g -homeomorphism. 

Example 4.15 Let X = Y = {a, b, c} with τ = {X, ϕ, {a}} and σ = {Y, ϕ, {a}, {b}, {a,b}}. Let f : (X, τ) → (Y, 

σ) be the identity function. Then f is a g -homeomorphism but not a δsg* -homeomorphism, since for the open 

set {b} in (Y, σ), f-1{b} = {b} is not δsg* -open in (X, τ). Hence f is not a δsg* -homeomorphism. 

Remark 4.16 A sg -homeomorphism and a δsg* -homeomorphism are independent of each other as shown in 

the following examples. 

Example 4.17 Let X = Y = {a, b, c} with τ = {X, ϕ, {b}, {a,b}} and σ = {Y, ϕ, {a}, {a,b}}. Let f : (X, τ) → 

(Y, σ) be the identity function. Then f is δsg* -open and δsg* -continuous. Hence f is a δsg* -homeomorphism 

but not a sg -homeomorphism, since for the open set {b} in (X, τ), f{b} = {b} is not sg-open in (Y, σ). Hence f 

is not a sg -homeomorphism. 

Example 4.18 Let X = Y = {a, b, c} with τ = {X, ϕ, {a}} and σ = {Y, ϕ, {a}, {a,b}}. Let f : (X, τ) → (Y, σ) be 

the identity function. Then f is a sg -homeomorphism but not a δsg* -homeomorphism, since for the open set 

{a,b} in (Y, σ), f-1{a,b} = {a,b} is not δsg* -open in (X, τ). Hence f is not a δsg* -homeomorphism. 

Remark 4.19The above discussion is portrayed in the following diagram. 

 

Proposition 4.20Let f : (X, τ) → (Y, σ) be a bijective function and δsg* -continuous function. Then the 

following statements are equivalent. 

δsg*-homeomorphism δgs-homeomorphism 

gδs-homeomorphism 

homeomorphism 

g-homeomorphism 

sg-homeomorphism 

gsp-homeomorphism gs-homeomorphism 

δ-homeomorphism 

δ-semi homeomorphism 
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(a)  f is a δsg* -open function. 

(b)  f is a δsg* -homeomorphism. 

(c)  f is a δsg* -closed function. 

Proof: (a)  (b) Let f be a δsg* -open function. By hypothesis, f is bijective and δsg* -continuous. Hence f is 

a δsg* -homeomorphism. 

(b)  (c) Let f be a δsg* -homeomorphism. Then f is δsg* -open, by Proposition 3.23, f is a δsg* -closed 

function. 

(c)(a) It is obtained from the Proposition 3.23. 

Remark 4.21 The composition of two δsg* -homeomorphisms is not δsg* -homeomorphism, since 

composition of two δsg* -continuous functions is not δsg* -continuous [8]. 

Theorem 4.22 Let (Y, σ) be δsg*Tδ -space. If f : (X, τ) → (Y, σ) and g : (Y, σ) → (Z, η) are δsg* -

homeomorphisms then g ◦ f is a δsg* -homeomorphism. 

Proof: Let f : (X, τ) → (Y, σ) and g : (Y, σ) → (Z, η) be δsg* -homeomorphisms. Let U be an open set in (X, 

τ). Since f is a δsg* -open function, f(U) is a δsg* -open set in (Y, σ). Since (Y, σ) is δsg*Tδ -space, f(U) is δ -

open in (Y, σ). Since every δ -open set is open, f(U) is open in (Y, σ). Also since g is a δsg* -open function, 

g(f(U)) is δsg* -open in (Z, η). Hence g ◦ f is a δsg* -open function. 

 Let V be a closed set in (Z, η). Since g is δsg* -continuous and (Y, σ) is δsg*Tδ -space, g-1(V) is closed 

implies that g-1(V) is closed in (Y, σ). Since f is δsg* -continuous, f-1(g-1(V)) = (g ◦ f)-1(V) is a δsg* -closed set 

in (X, τ). That is g ◦ f is δsg* -continuous. Hence g ◦ f is a δsg* -homeomorphism. 
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