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1. INTRODUCTION
In 1989 , Bakhtin [5] introduced the notion of a b-metric space as a generalization of metric space . In 1993
,Czerwik [6] extened many results related to the b-metric spaces for single and multivalued mappings. One
year later ,Matthews [15] introduced the concept of a partial metric space with the property that the self-
distance of any point of space may not be zero.  In 2012, Harandi[10], generalized the concept of partial
metric space by introducing the metric like space. The metric like space satisfies all the conditions of partial
metric spaces except the self-distance of any point of space may be positive.

Afterwards, in 2013, based on the notion of metric like space and partial metric space , Alghamdi et.al [4]
introduced an interesting generalization named as b-metric-like space. They proved some new fixed point and
coupled fixed point results in partial metric space, metric-like space, and b-metric spaces. Some of the
interesting results are noted of this topic in the references [see e.g. [1],[2],[3],[7],[9],[13],[14]] . On the other
hand as long back Browder and Petryshgn [8] defined the asymptotically regular maps in metric space. By
inspired from this paper in the present paper, we define asymptotically regular maps and sequences  in b-
metric-like space and as an application we present some fixed point results which generalized and extend the
result of [11] .

2. PRELIMINARIES
In this section, we give some basic definitions which are useful for main result in this paper.

Definition 2.1.([10]) A mapping σ:X x XR+ ,where X is a non-empty set ,is said to be a metric-like on X if
for any x,y,z Є X the following three conditions hold true:

(σ1) σ(x,y) = 0  x=y ;

(σ2) σ(x,y) =  σ(y,x) ;
(σ3) σ(x,y) ≤ σ(x,z) + σ(z,y) ;
Then the pair (X,σ) is called metric-like space. A metric-like on X satisfies all the conditions of a metric
except that (x,x) may be positive for x Є X.
Definition 2.2. A b-metric on a nonempty set X is a function D:X x X [0,+∞) such that for all x,y,z Є X
and a constant K ≥ 1 the following three conditions hold true:
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(D1) if D(x,y) = 0 x=y ;

(D2) D(x,y) = D(y,x) ;

(D3) D(x,y) ≤ K[D(x,z) + D(z,y)] ;
Then the pair (X,D) is called b-metric space.

Definition 2.3.([4]) A b-metric-like on a nonempty set X is a function D:X x X [0,+∞) such that for all
x,y,z Є X  and a constant K ≥ 1 the following three conditions hold true:

(D1) if D(x,y) = 0 x=y ;

(D2) D(x,y) = D(y,x) ;

(D3) D(x,y) ≤ K[D(x,z) + D(z,y)] ;
Then the pair (X,D) is called b-metric-like  space.

Example 2.4.([4]) Let X =[0,∞). Define the function D:X2 [0,∞) by D(x,y) =(x+y)2. Then (X,D) is a b-
metric space with constant K=2. Clearly (X,D) is not a b-metric or metric-like space .for all x,y,z Є X  ,
D(x,y) = (x+y)2 ≤ (x+z+z+y)2 = (x+z)2 +(z+y)2 +2(x+z)(z+y)

≤ 2[(x+z)2+(z+y)2]

= 2[D(x,z) + D(z,y)]

And so (D3) holds. Clearly (D1) and (D2) hold.

Similarly , we have the following example.

Example 2.5.([4]) Let X =[0,∞). Define the function D:X2 [0,∞) by D(x,y) = (max {x,y})2. Then (X,D) is a
b-metric space with constant K=2. Clearly (X,D) is not a b-metric or metric-like space .for all x,y,z Є X
Definition 2.6.([5]) Let (X,D)  be a b-metric-like space ,  and let {xn} be a sequence of the points of X . A
point  x Є X is said to be the limit of sequence {xn} if lim n─>+∞ D(x,xn) =D(x,x), and we say that  the sequence
{xn) is convergent to x and denoted by xnx as n∞.
Definition 2.7.([12]) Let (X,D)  be a b-metric-like.

(S1) A sequence {xn} is called Cauchy sequence if and only if lim m,n ─>∞ D(xn,xm) exists and is finite.

(S2) A b-metric-like space (X,D) is said to be complete if and only if every Cauchy sequence {xn} in X
converges to x Є X so that  lim m,n─>∞ D(xn,xm) = D(x,x) = lim n─>∞ D(xn,x).

Proposition 2.8. Let (X,D,K) be a b-metric-like space and let {xn} be a sequence in x such that lim n─>∞
D(xn,x) =0 then

(a) x is unique.

(b) 1/k D(x,y) ≤ lim n─>∞ D(xn,y) ≤ kD(x,y), for all y Є X.

3. ASYMPTOTICALLY REGULAR SEQUENCES AND MAPS
Here we will define asymptotically regular sequences and maps in b-metric-like spaces.

Definition 3.1. Let (X,D) be a b-like metric space .A sequence {xn} in X is said to be asymptotically T-
regular if lim n─>∞ D(xn,Txn) =0 or lim n─>∞ D(Txn,xn) =0

Example 3.2. Let (X,D) is a b-metric-like space as defined in example (2.4) and T be a self map of X such
that Tx=x/3 and choose a sequence {xn}, xn0 for any positive integer n. we deduce that lim n─>∞ D(xn,Txn)

= lim n─>∞ D(xn+Txn)2

= lim n─>∞ D(xn+xn/3)2

= (0,0)

= 0

Hence {xn} is an asymptotically T-regular sequence in (X,D).
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Definaition 3.3. Let (X, D) be a b-metric-like space .A mapping of X into itself is said to be asymptotically
regular at a point x in X if

lim n─>∞ D(Tnx,Tn+1x) = 0   0r  lim n─>∞ D(Tn+1x ,Tnx )= 0

Example 3.4. Let (X, D) be a b-metric-like space which is defined in example (2.4) and T be a self map of X
such that Tx=x/4 and  Where x Є X then  we have

lim n─>∞ D(Tnx,Tn+1x) =  lim n─>∞ D(Tnx+ Tn+1
x )2

= lim n─>∞ D(x/4n+ x/4n+1 )2

= (0+0)

= 0

Hence T is an asymptotically regular map at all points on X.

4. MAIN RESULTS
As an application of asymptotically regular maps and sequences, we present some fixed points Theorems in b-
metric-like spaces.

Theorem 4.1: Let (X,D) be a complete b-metric-like space and T be a self mapping of X satisfying in the
Inequality.

D(Tx,Ty) ≤ a1D(x,Tx)+a2D(y,Ty)+a3D(x,Ty)+a4D(y,Tx)+a5D(x,y) for all x, y Є X ,..(4.1.1).
where,a1,a2,a3,a4,a5≥0and k2(a1+a3k+a4k+a5) < 1……………………………………..……(4.1.2).

If there exists and asymptotically T-regular sequence in X ,then T has a unique fixed point.

Proof: let {xn} be an asymptotically T-regular sequences in X then

D(xn,xm) ≤ K [D(xn,Txn) + D(Txn,xm)]

≤ K [D(xn,Txn) + D(xm,Txn)]

≤ K[D(xn,Txn)] +k2[ D(xm,Txm) +D(Txm,Txn)]
≤K[D(xn,Txn)]+k2[D(xm,Txm)]+k2[a1D(xm,Txm)+a2D(xn,Txn)

+a3D(xm,Txn) +a4D(xn,Txm)+a5D(xm,xn)]

≤ K[D(xn,Txn)]+k2[D(xm,Txm)]+k2[a1D(xm,Txm)+a2D(xn,Txn)]

+a3 k3[D(xm,xn)+D(xn,Txn)]+a4 k3[D(xn,xm)+ D(xm,Txm)]+ a5 k2 D(xm,xn)

= k2(a3k+a4k+a5)D(xm,xn)+k(1+a2k+a3k2)D(xn,Txn)

+k2(1+a1+a4k) D(xm,Txm)

 [1-k2(a3k+a4k+a5)]D(xm,xn)≤ k(1+a2k+a3k)D(xn,Txn) +k2(1+a1+a4k) D(xm,Txm)

So,      D(xm,xn) ≤ [ k(1+a2k+a3k2)]/ [1-k2(a3k+a4k+a5)] D(xn,Txn)

+ [k2(1+a1+a4k)]/ [1-k2(a3k+a4k+a5)] D(xm,Txm)

Since {xn} is an asymptotically T-regular Sequence and m > n .Therefore  D(xn,Txn)0 and  D(xm,Txm) 0
as m,n∞ ,exist and finite. since lim m,n─>∞ D(xn,xm) = 0 (exist and finite). Hence {xn} is a Cauchy sequence.
[by S2]

Therefore

lim m,n─>∞ D(xn,xm) = D(x,x) = lim n─>∞ D(xn,x) = 0.  …………………………….(4.1.3)

Existence of Fixed point:
Consider D(Tx,x) ≤ k[D(Tx,Txn)+D(Txn,x)]

≤ k[a1D(x,Tx)+a2D(xn,Txn)+a3 D(x,Txn)+a4D(xn,Tx)+a5D(x,xn)]

+kD(Txn,x)

≤ k[a1D(x,Tx)+a2D(xn,Txn)]+a3k2[D(x,xn)+D(xn,Txn)]
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+a4k2[D(xn,x)+D(x,Tx)]+ka5D(x,xn)+k2[D(Txn,xn)+D(xn,x)]

≤ k(a1+a4k)D(x,Tx)+k(k+a2+a3k)D(Txn,xn) +k(k+a3k+a4k+a5) D(x,xn)

 [1-k(a1+a4k)]D(Tx,x)≤ k(k+a2+a3k)D(Txn,xn) +k(k+a3k+a4k+a5) D(x,xn)

D(Tx,x) ≤ [k(k+a2+a3k)] / [1-k(a1+a4k)] D(Txn,xn)

+ [k(k+a3k+a4k+a5)]/ [1-k(a1+a4k)]  D(x,xn)

Since {xn} is an asymptotically T-regular Sequence and {xn} is a Cauchy sequence in X therefore xn x ,
D(Txn,xn)0 and D(x,xn)0 as n∞ (by 4.1.3)

So D(Tx,x) = 0 ………………….. ( by D1)

Tx = x

Uniqueness:
Let z is another fixed point of T then

D(x,z) = D(Tx,Tz)

≤ a1D(x,Tx)+a2D(z,Tz)+a3D(x,Tz)+a4D(z,Tx)+a5D(x,z)

≤ a1D(x,x)+a2D(z,z)+a3D(x,z)+a4D(z,x)+a5D(x,z) (by D1)

≤ a3D(x,z)+a4D(z,x)+a5D(x,z)

≤ a3D(x,z)+a4D(x,z)+a5D(x,z)

 [1-(a3+a4+a5)]D(x,z) ≤ 0
 D(x,z) ≤ 0 [by D1 and (a3+a4+a5)<1]

 x = z

This complete proof of the theorem 4.1.

Theorem 4.2: Let (X,D) be a complete b-metric-like space and T be a self mapping of X satisfying in the
Inequality (4.1.1)  for all x, y Є X and a1,a2,a3,a4,a5 ≥ 0
and max{k(a1+ka4), (a3+a4+a5)}<1

if T is asymptotically regular at some fixed point x of X, then there exists a unique fixed point of T.

Proof: Let (X,D) be an asymptotically regular at x0 Є X. Consider the sequence {Tnx0} then for all m,n≥1
D(Tmx0,Tnx0) ≤ a1D(Tm-1 xo,Tmx0)+ a2D(Tn-1 xo,Tnx0)+ a3D(Tm-1 xo,Tnx0)

+ a4D(Tn-1 xo,Tmx0) +a5D(Tm-1 xo,Tn-1x0)

≤a1D(Tm-1 xo,Tmx0)+ a2D(Tn-1 xo,Tnx0)+ a3 k[D(Tm-1 xo,Tmx0)+ D(Tmx0,Tnx0)]

+ a4 k[D(Tn-1 xo,Tnx0)+D(Tnx0,Tmx0)]+a5 k[D(Tm-1 xo,Tmx0)+D(Tm xo,Tn-1x0)]

≤a1D(Tm-1 xo,Tmx0)+ a2D(Tn-1 xo,Tnx0)+ a3 k[D(Tm-1 xo,Tmx0)+ D(Tmx0,Tnx0)]

+ a4 k[D(Tn-1 xo,Tnx0)+D(Tnx0,Tmx0)]+a5 k[D(Tm-1 xo,Tmx0)]

+k2a5[D(Tm xo,Tnx0)+ D(Tn xo,Tn-1x0)]

≤(a1+a3k+a5k) D(Tm-1 xo,Tmx0) +(a2+a4k+a5k2)D(Tn-1 xo,Tnx0)
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+k(a3+a4+a5k) D(Tmx0,Tnx0)]

 [1-k(a3+a4+a5k)]D(Tmx0,Tnx0) ≤ (a1+a3k+a5k) D(Tm-1 xo,Tmx0)

+(a2+a4k+a5k2)D(Tn-1 xo,Tnx0)

D(Tmx0,Tnx0) ≤ [(a1+a3k+a5k)]/ [1-k(a3+a4+a5k)] D(Tm-1 xo,Tmx0)

+[(a2+a4k+a5k2)]/ [1-k(a3+a4+a5k)] D(Tn-1 xo,Tnx0)

Since  T is asymptotically regular at some fixed point x0 therefore D(Tm-1 xo,Tmx0)0

and D(Tn-1 xo,Tnx0)0 as m,n∞
Then limm,n─>∞ D(Tmx0,Tnx0)0, exist and finite. Hence {Tnx0} is a
Cauchy sequence in X. by completeness of X. there is  x Є X such that  Tnx0x  as  n∞.

Therefore       lim n─>∞ D(Tnx0,,x) = D(x,x) = lim n─>∞ D(Tnx0, Tnx0)=0.

Therefore {Tnx0} is a Cauchy sequence in X which is complete space . so, {Tnx0}x Є X.

Now we claim that x is a fixed point to T .for this we have

D(Tx,x) ≤ k [D(Tx,Tnx0)+ D(Tnx0,x)]

≤  k [a1D(x,Tx)+a2D (Tn-1 xo,Tnx0)+ a3D(x,Tnx0)+ a4D(Tn-1 xo, Tx)+ a5D(x, Tn-1 xo)]

+k D(Tnx0,x)

≤  k[a1D(x,Tx)+a2D(Tn-1
x0,Tnx0)+a3 D(x,Tnx0)] +a4k2[D(Tn-1 xo, Tnx0)+ D(Tnx0, Tx)]

+a5 k2[D(x,Tnx0)+ D(Tn xo, Tn-1x0)]

+k D(Tnx0,x)

 D(Tx,x) ≤ (ka1+k2a4) D(Tx,x)          [since{ Tn-1x0} is a subsequence of { Tn xo}]

 [1-((ka1+k2a4)] D(Tx,x) ≤ 0 [since{Tnx0}x and D(x,x)=0]

 D(Tx,x) = 0 [as k( a1+ka4)<1]

 Tx=x

The uniqueness of the fixed point x follows as theorem (4.1) using (a3+a4+a5) <1. This complete of the
theorem (4.2).

The following example demonstrates theorem (4.2).

Example 4.3: Let (X,D) be b-metric-like space which is defined in Example (3.2) and let T be a self map of X
such that Tx=x/3 where x X. Clearly T is an asymptotically regular map at all points of X .if we take
a1=a2=a3=a4=0 and a5=1/9.Then the condition (4.1.1) holds trivially good and 0 is the unique fixed point of the
map T.

Conclusion: The asymptotically regularity of the mapping T satisfied the Hardy Rogers contraction condition.
it is actually consequence of (a1+a2+a3+a4+a5)<1. Thus the theorem (4.1) and the theorem (4.2) extend results
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due to Hardy Roger[11] in b-metric-like spaces. it is also worth mentioning that our condition on control say
that (a1+a2+a3+a4+a5) may be exceed 1.
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