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ABSTRACT
High speed flow- supersonic to hypersonic over a semicircular nosed slab is solved using both Euler and Navier-Stokes
equations based solvers. An upwind biased cell centered finite volume method is considered. The inviscid flux is
discretized using the AUSM+ method. The unstructured mesh implementation of the flux splitting and MUSCL-type
reconstruction with limiter are also considered. In this problem, both strong and weak shock solutions exist
simultaneously due to development of bow shock wave in front of stagnation point. As a consequence this problem
becomes a serious test case for the present developed solvers. It is observed that the viscous effects on the flow
parameters on the surface decrease considerably with the increase in free stream Mach number. Hence, in the
hypersonic flow regime, the Euler solutions can be taken as fair approximation of the real flow for a design purpose.
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1 INTRODUCTION
The characteristics of supersonic flow over two-dimensional geometries have been the subject of intense
research for several decades.  Beside academic interests, supersonic flows over blunt bodies are of relevance
for many practical applications. The major characteristics of these high-speed compressible flows are the
presence of shock waves, expansion waves, separation zones, shock-shock, shock-vortex and shock-boundary
layer interactions. To capture the flow structures and solve the problems properly both numerical and
experimental researches are being conducted for several decades. The attention, here, is mostly focused on
some of the important numerical works available in the open literature.

A flow of a perfect diatomic gas past a spherically blunt body is computed by Golovachev et al. [1] at the free
stream Mach number of 6 using an implicit finite difference solution of the complete as well as simplified
Navier-Stokes equations. Steady transonic and supersonic flow fields are simulated by Palacio et al. [2] using
a prediction procedure for computing the shock and expansion waves. Transonic shocked flow in nozzle and
supersonic flow over jet vanes are also considered to assess the capability of the developed model. Good
agreement has been found for all the cases.

2-D Euler equations are solved for hypersonic flows round a blunt body using a variational method
incorporating Newton linearization and least-square embedding by Bruneau [3]. An improved high-resolution
efficient implicit shock capturing scheme has been developed for inviscid and viscous hypersonic flows by
Yee et al. [4]. The improved scheme is based on TVD type algorithms originally developed for transonic and
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supersonic flows. The formulation also allows the inclusion of MUSCL type approach in conjunction with the
local characteristic approach. Different combinations of the component algorithms are tested for several
hypersonic flow problems. It is observed that TVD type schemes affect convergence in hypersonic regimes.
Some possible enhancements in the schemes for numerical stability and convergence are highlighted for
different steady and unsteady problems. In the method of Kirk [5], the monotonicity is restored by the shock
capturing function. The proposed method is applied to the high-speed flow over a circular cylinder at three
different Mach numbers – 3, 6 and 9. The results compared well with standard shock capturing methods. This
modified shock capturing method is found superior compared to other existing methods in respect of
convergence.  The method is also found to perform well in shock-shock interaction problems. The method,
however, suffers from enthalpy production which is substantially less than the standard shock capturing
methods.

A more recent effort to develop less-dissipative upwind schemes focuses on reducing the surplus dissipation
of the FVS by introducing the flavor of FDS into FVS schemes. Liou and Steffen proposed a promising
scheme named Advection Upstream Splitting Method (AUSM) [6], in which the cell-face advection Mach
number is appropriately defined to determine the upwind extrapolation for the convective quantities. The
AUSM scheme can capture a stationary contact discontinuity with no numerical dissipation, and is robust
enough to calculate strong shock waves. However, it creates a slight numerical overshoot immediately behind
the shock. To alleviate this problem, methods like AUSMD, AUSMV are developed. Further, the AUSMDV,
a blending of AUSM, flux-difference and flux-vector splitting, improves the robustness of AUSM in dealing
with the collision of strong shocks. However, the “carbuncle phenomenon” appears, albeit much weaker than

one resulting from the Roe scheme, which requires a fix. The AUSM 
[7] is designed to be a further

improvement of AUSM, and has the following features in addition to the earlier features of the AUSM
scheme: improvement in accuracy over its predecessor (AUSM) and other popular schemes, simplicity, and
easy generalization to other conservation laws.

The review is majorly over the mathematical aspects of the numerical techniques and its applications on high-
speed flow over two-dimensional geometries like circular cylinder. The key issue in the present study is to
analyze the discretization of the inviscid fluxes, which are the primary sources for the non-linear behavior
(shocks, contact discontinuity). Two-dimensional Euler equations and NS equations are solved on
unstructured triangular meshes considering the AUSM+ scheme. The comparisons over obtained results
considering both the solvers are presented.

1.1 STATEMENT OF THE PROBLEM
Supersonic flow over a blunt body is schematically shown in figure 1a. A curved bow shock is generated in
front of the blunt body at a shock-off or shock detachment distance from the stagnation point (Sp). At point
‘a’ on the shock wave, the shock is normal to the upstream flow. Away from the point ‘a’ the shock wave
gradually becomes curve and weaker. At the point marked as ‘b’, slightly above the stagnation streamline, the
shock is oblique and represents a strong shock solution. At the point ‘c’, further away from the centre line,
maximum flow deflection occurs when the flow passes across the shock. It is the demarcation point between
the strong and weak shock solutions. Slightly above the point ‘c’, at point ‘s’ the flow becomes sonic behind
the shock wave. The subsonic zone behind the shock wave is marked with dotted lines in the figure. Flow
behind the shock becomes supersonic above the point ‘s’. The shock-off distance, shape and complete flow
field between the shock and body depends on the free stream, body size and shape. Both the inviscid and
viscous solvers are used to simulate the high-speed flow over a blunt slab with cylindrical nose.



1355 Pabitra Halder

International Journal of Engineering Technology Science and Research
IJETSR

www.ijetsr.com
ISSN 2394 – 3386
Volume 5, Issue 1

January 2018

Figure 1a: Schematic diagram
of flow over blunt body  with

flow domain

Figure 1b:

Flow domain mesh

Figure 1c:

Exploded view about the circular-nosed slab

The computational mesh and exploded view of the near field mesh about a cylindrical-nosed slab are shown in
figure 1b. The cylindrical nose has a diameter of L and the straight part has a length 0.25L. All linear
dimensions are normalized with L. A semi-circle of radius 10L makes up a part of the far field boundary and
the remaining parts are straight as shown in figure 1b. The exploded view is shown in figure 1c. The shown
mesh (1b) contains 14398 nodal points and 28504 triangular elements. The free stream conditions are taken as= 170 and = 0.002 / and flow is initialized with the free stream conditions.

By virtue of the formulation of the problem, the flow patterns are symmetric with respect to the abscissa axis.
Hence the results are shown only for half of the domain. The numerical simulation is performed at Mach 3,
Mach 6 and Mach 10 for both inviscid and viscous flows.

2 FORMULATIONS AND NUMERICAL METHODS
2.1 SOLUTION OF THE TWO DIMENSIONAL GOVERNING EQUATIONS
In the present study, the flow is assumed to be governed by the two-dimensional Euler (inviscid) as well as
NS equations where the variables to be determined are the density, Cartesian velocity components, pressure
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and total energy per unit volume, denoted respectively by , , , and .u v p e The two dimensional Euler and
NS equations in integral form can be written as follows:

Ω
+ +

Ω
= + (1)

where the vector of conserved variables , inviscid flux vectors , and viscous fluxes , are given
below,

= , = +( + ) , = +( + ) = 0
+ − ,

= 0
+ −

(2)

and the pressure is given by the equation of state for a perfect gas, namely

= ( − 1) − ( + ) (3)

In equation (1), Ω denotes the domain of computation that is bounded by Ω, and are the - and -

components of the outward unit normal to the differential surface . The integrand + namely

inviscid fluxes of mass, momentum and energy of a control volume can be rewritten as,

= + = + + 0
0

(4)

where, = + is the convective velocity normal to the face.

The viscous flux can be written as = + .

The semi-discretized form of the equation (1) over a control volume (CV) containing ‘Nedge’ number of
edges can be written as,

+ ∆ = ∆ (5)
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where is the area of control volume (CV number ‘j’). The subscript ‘m’ indicates the local face number of
CV numbered j. The maximum number of edge of the CV is indicated by ‘Nedge’. The inviscid flux vector is
computed using the AUSM+ flux-vector splitting with MUSCL-type upwind-biased interpolation scheme.

2.2 INVISCID FLUX SPLITTING BY AUSM+

The spatial discretization employed is a hybrid method, AUSM  , which is a blend of flux difference splitting
and flux vector splitting (van Leer). In this method flux vectors are split into forward and backward
contributions, which are continuously differentiable even at sonic and stagnation points. A cell centered
scheme is adopted where the flow variables are stored at the centroid of each control volume. As a first step in

formulation of the AUSM  method, the convection and acoustic waves are recognized as two physically
distinct processes. To increase the order of spatial accuracy a MUSCL-type approach is used to interpolate the
variables at the edges.

Figure 3: Grid arrangement for calculation of inviscid and viscous fluxes for a
directed edge ( ).

For a triangle 0 (centroid at 0 ) shown in figure 3, the upwind biased interpolation for along the
edge 1 delimiting the triangles 0, 1 is defined by,

= + [(1 − ) + (1 + ) ] (6)
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where, = −= −and are the vectors of primitive variables at the centrods 0 and 1 respectively and is the vector
of primitive variables at node 3, the third vertex of the CV. The upwind biased interpolation for is also
obtained in a similar fashion by considering flow variables at the two centroids ( 0 and 1) and node 4, the
third vertex of the element whose centroid is 1. The parameter is the controlling factor that gives rise to
different schemes by appropriately weighting and . The value of is taken 1 3⁄ which leads to a third
order accurate upwind-biased scheme for one-dimensional computations. The formulae for and are
modified to account for the distances from the midpoint of the directed edge to the centroids of the delimiting
triangles to weight the flow variables appropriately. To control the numerical oscillations in the regions of
high gradients (e.g., at shocks), usually associated with upwind-biased schemes, the min-mod limiter is used.

2.3 VISCOUS FLUX COMPUTATION ON UNSTRUCTURED GRID
The viscous terms in Navier-Stokes equations are usually well behaved for Newtonian fluid flows. Due to
their physical nature, a symmetric differencing type of scheme is usually appropriate for approximating the
viscous fluxes. Special attention is to be given for the calculation of derivatives of the velocity components
and temperature in two directions which are required for the shear stresses and heat transfer quantities. We
again refer figure 3 for this purpose. The directed edge considered in this case is 1. For calculating the
viscous fluxes along this edge, we need the values of flow variables at 0, 1, 1 and 2 as shown in figure 3.
By implementing the average of gradients approach, the first derivatives of vector = [ , , ] at the cell
face ( 1) result from the solution of the flowing system of linear equations,

− −− − = −− (7)

By solving this system of linear equations we get , , , , . Finally using these

derivatives we get the viscous fluxes at a cell interface.

2.4 TEMPORAL DISCRETIZATION
The time integration is performed by approximating the time derivative as,

= 2 +2 ∆∆ − 2 −∆ (8)

where, Δ = − . The parameter controls the order of temporal accuracy. In the present calculation
is taken to be 1 which gives a second order accuracy in time.

The local time step for each cell in the mesh is calculated using the following relationship,

Δ = . Δ√ + + (9)

where, Δ is the characteristic length scale of the cell, taken as the minimum face length of the triangular
element. The minimum of all the local time steps is selected as Δ . An appropriate choice of the CFL number
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is used to ensure stability. The triangles of the unstructured mesh are recorded in a particular fashion from
upstream to downstream and the solution is obtained by sweeping from upstream to downstream.

2.5 BOUNDARY CONDITIONS
Two kinds of boundary conditions, namely wall boundary conditions and far field (inflow and outflow)
boundary conditions are required for the present two dimensional Euler and NS solvers.  The velocity
boundary condition is given below for both the Euler and NS solvers.

Euler computations:

= 1 − 2 −2−2 1 − 2 (10)

Navier-Stokes computations:= −− 11

A characteristic based analysis using the fixed and extrapolated Riemann invariants is implemented to
calculate the values of the flow variables in a cell on the outer boundary. For supersonic inflow or outflow, the
locally one-dimensional Riemann invariants and entropy, i.e.

= ⃗. − 2( − 1) (12)

= ⃗. + 2( − 1)=
are computed respectively from outside or inside the computational region. For subsonic inflow and are
given from outside and from inside and for subsonic outflow and are calculated from inside
and from outside.

2.6 VALIDATION OF UNSTRUCTURED SOLVER
In this paper, the developed unstructured solver is applied to simulate flows over a blunt slab with
semicircular nose of diameter unity at different Mach numbers.  The numerical results due to Wada and Liou
[8] is considered as quantitative comparison with the results obtained from the developed unstructured solver.
It may be noted that the geometry and flow configuration presented here is identical to that in Wada and Liou
[8]. All the linear dimensions are normalized with radius (R=0.5) of the semicircular nose. The normalized
pressure is multiplied by 0.25 for clarity. The computed results from the unstructured Euler solver are
presented in figure 4a-c. The contours of density and normalized pressure (multiplied by 0.25), temperature
and density along the stagnation streamline are shown in the figure. Corresponding numerical results due to
Wada and Liou are presented in figure 4d. The present results are found to compare well with the results of
Wada and Liou [8].
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(a) (b)

(c) (d)

Figure 4: Numerical results from the present unstructured Euler solver (a, b and c) and
(d) Numerical results from Wada and Liou [8]
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3 RESULTS AND DISCUSSION
By virtue of the formulation of the problem, the flow patterns are symmetric with respect to the abscissa axis.
Hence the results are shown only for half of the domain. The numerical simulation is performed at Mach 3,
Mach 6 and Mach 10 for both inviscid and viscous flows. Figure 5a-d shows the contours of different
parameters, e.g., density, pressure, temperature and Mach numbers for inviscid solution at free stream Mach
number 3. Similar results in viscous flow are shown in figure 5e-h. Both sets of results are qualitatively
identical. However, the temperature and Mach number contours near the body surface in inviscid and viscous
flows show a characteristic difference. Figure 6a-c presents the comparison of Euler and Navier-Stokes results
along the stagnation streamline at Mach 3. Figure 6a shows that the normalized density in viscous flow is little
higher throughout the stagnation stream line. Figure 6b shows that normalized pressure is almost identical in
viscous and inviscid flows. Similar trend is followed by temperature and Mach number (not shown in this
paper) distributions along the stagnation stream line.  The shock-off distance in viscous flow is found larger
compared to that in inviscid flow. The coefficient of pressure (Cp), normalized density and temperature
distributions over the surface of the body at Mach 3 are shown in figure 6d-f. The Cp values are seen to be
slightly higher in the Navier-Stokes calculation except near the stagnation point and on the straight part of the
body (figure 6d). The value of Cp at the stagnation point is obtained 1.74. The density and temperature
distributions on the surface (figure 6e-f) reveal that density on the surface is much lower in the viscous flow
while the temperature is much higher due to viscous dissipation.
The surface distribution of the properties at free stream Mach number of 10 computed on the same mesh with
the same free stream conditions (not shown in this paper). Both the computations produce nearly identical
results. The differences in predicted densities and temperatures are negligibly small in this case. The surface
distribution of the properties shows that with increase in free stream Mach number the viscous effects
decrease. Hence for simplification of the problem Euler calculations can be accepted as fair approximation for
high Mach number hypersonic flows. Figure 7a-c shows the variations of flow properties along the stagnation
stream line and the shock-off distance with increasing free stream Mach number using Navier-Stokes
calculation. Figure 7a shows that the normalized density at stagnation point is 4.2 at Mach 3 and increases
substantially with free stream Mach number; at Mach 6 the value is 5.6 and it reaches the theoretical
maximum value of 6.0 at Mach 10. Similarly the shock-off distance decreases with increase in free stream
Mach number at decreasing rate. Shock off distance in Mach 6 flow is much smaller than that in Mach 3 flow
but the decrease in the shock-off distance as Mach number increases from 6 to 10 is comparatively small.

a b c d

e f g h
Figure 5: Contours of density, pressure, temperature and Mach number at = in inviscid flow (a-d) and

Contours of density, pressure, temperature and Mach number at = in viscous flow (e-h)
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a b c

d e f

Figure 6: Comparison of density, pressure and temperature distribution along stagnation streamline for
Euler and NS equations at = . (a-c)

and
Comparison of Cp, density and temperature distribution over surface for Euler and NS at = (d-f)

The particulars of the flow properties at the stagnation point for these three free stream Mach numbers are
given below in a tabular form,

Table 1: Parametric values of flow properties at stagnation point in NS calculation

Density Pressure Temperature

3.0 4.2 12 2.9

6.0 5.6 46 8.3

10.0 6.0 128 21.4
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a b c

d e f

Figure 7: Distribution of density, pressure and temperature along stagnation streamline in viscous flow
at = , .(a-c)

and

Distribution of pressure, density and temperature over surface with NS at = , .(d,e,f)

The distribution of pressure, density and temperature over the surface at the three free stream Mach numbers
obtained from the Navier-Stokes calculation are shown in figure 7d-f. With the increase in free stream Mach
number the surface pressure and temperature rise very fast.

4 CONCLUSIONS
High-speed compressible flow over a cylindrical-nosed body at several free stream Mach numbers is studied.
This problem is selected to study the development of bow shock wave and mixed subsonic-supersonic zone
behind the shock wave. The shock near the stagnation stream line is very strong and becomes gradually
weaker. Both strong and weak shock solutions exist simultaneously. As a consequence this problem becomes
a serious test case for the present solvers. It is observed that the viscous effects on the flow parameters on the
surface decrease considerably with the increase in free stream Mach number. Hence, in the hypersonic flow
regime, the Euler solutions can be taken as fair approximation of the real flow for a design purpose. However,
as the rise in temperature in high Mach number hypersonic flows is very high, dissociations of the constituent
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species of air as well as combination reactions between them will occur. The effects of the chemical reactions
on the flow should be taken in account for more realistic hypersonic flow simulation.
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