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Abstract
In this paper, we have investigated an approximate solution of the magnetohydrodynamic (MHD) boundary layer flow by
using a method which pairs the differential transformation method (DTM) and the Pad ̀ approximation called DTM-
Pad ̀. The projected method produces closed series solutions of the boundary layer equations. The nature of the mass flux
and velocity profiles are observed by means of the graphical representation. The effects of the various parameters over
the obtained solutions have been studied. The present solution is then compared with the exact solution, the solution
obtained by the homotopy perturbation method (HPM) and shooting method, and an outstanding agreement is observed.
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1. Introduction
In many areas of applied engineering and industries, we often come across with the boundary layer flow of an
incompressible viscous fluid over a continuously stretching sheet. This kind of process is of interest in the manufacturing
of sheeting material through an extrusion process such as hot rolling, glass-fiber manufacturing, plastic sheets through
aerodynamic extrusion [1-3]. Sakiadis [4,5] has done pioneering work in this area. After that Chaim [6] examined the
MHD flow of a viscous incompressible fluid confined by a stretching surface with power law velocity, and investigated
the numerical approach to the boundary value problem by means of shooting method.

The differential transformation method (DTM) was first introduced by Zhou [7], who solved electric circuit problems
containing linear, nonlinear differential equations. DTM builds an analytic solution of differential equations (ordinary or
partial)  in the way of polynomial by means of an iterative procedure. Hence it differs from the famous Taylor series
method, which needs large mathematical calculations. The benefits of using DTM is that it can reduce the amount of
calculation as that of the Taylor series method and also it can be applicable to nonlinear differential equations without the
help of discretization, linearization and perturbation. Chen and Ho [8] extended this scheme for solving partial
differential equations. Ayaz [9] used it to investigate the system of differential equations. Arikoglu and ̈zkol [10]
applied it to difference equations. Darania and Ebadian [11] applied it to integro-differential equations. Though the
results that are obtained by using the DTM are usually valid in smaller region in case of the differential equations on
infinite or semi-infinite domains, in a wider range they are invalid. It happens due to the divergent nature of the closed
series solution investigated by DTM when the boundary conditions are at infinity. Boyd [12] and other researchers have
proved that power series in unbounded domain is not useful for handling boundary value problems. But the DTM- Pad ̀
technique has been adopted and used recently by Xiao-hong and Lian-cun [13] to overcome such a difficulty and to get
inexact solutions for a wide range.

In the present work, we emphasis on the inexact solution to the MHD boundary layer flow over a stretching
sheet (with the boundary conditions) by applying DTM-Pad ̀ technique.

2. Governing equations

Considering the MHD flow of an incompressible viscous fluid over a stretching sheet at = 0. In the presence magnetic
field ( ), the steady two-dimensional flow of an electrically conducting fluid is normal to the stretching sheet (ignoring
the induced magnetic field). The boundary layer equations are (Chaim [6]):+ = 0 (1)
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+ = − σB ( ) (2)

Here is the kinematic viscosity, and being the velocity components in the and directions respectively, σ is the
electrical conductivity of the fluid and is the fluid density and. The polarization effects and the external electric field
have been neglected in Eq. (1). Also, ( ) = ( ) (3)

is the magnetic field. The boundary conditions are( , 0) = , ( , 0) = 0, ( , ) → 0, → ∞ (4)

After using the following similarity variables:

= ( + 1)2 , = ′( ),
= − ( + 1)2 [ ( ) + − 1+ 1 ′( )], (5)

the resultant non-linear system is transformed to the following form:′′′ + ′′ − ( ′) − ′ = 0, (6)(0) = 0, ′(0) = 1, ′(∞) = 0 (7)

where = 21 + , = 2(1 + ) (8)

3. Differential transformation method

Definition 1. The one-dimensional differential transform of a function w(t) at the point t = t is defined as follows [7-
11]: W(k) = 1k! ddt w(t) (9)

where w(t) is the original andW(k) is the transformed function.

Definition 2. The differential inverse transform ofW(k) is defined as follows:( ) = ( )( − ) (10)

From (9) and (10)

( ) = 1! ( ) ( − ) ≈ ( )( − ) (11)

Some of the theorems that can be construed from definitions (9) and (10) are:

Theorem 1. If ( ) = ( ) ± ℎ( ), then ( ) = ( ) ± ( ).
Theorem 2. If ( ) = ( ), then ( ) = ( ), where is a constant.

Theorem 3. If ( ) = ( )ℎ( ), then ( ) = ( ) ⊗ ( ) = ∑ ( ) ( − ).
Theorem 4. If ( ) = ( ) ( )

, then ( ) = ( − + 1)( − + 2) ( ) ( − + 2)
4. Pad ̀ approximation

It is a well known fact that to convert polynomial function into ratio of function of polynomials of given order Pad ̀
approximant is used as a best approximation. It in fact offers us more evidence about the mathematical behaviour of the
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obtained solution. It has been shown that power series in unbounded domains are not useful for dealing with boundary
value problems [12]. If the power series may not have radius of convergence sufficiently large to cover the boundaries of
the domain, then to use the power series for large values of , say = ∞ is not always useful [14, 15]. Hence, on infinite
or semi-infinite domains, the use of DTM alone will not serve the purpose. So, DTM with Pad ̀ approximation gives an
active technique for solving boundary value problems. Pad ̀ approximants can be computed by using programming
language like Mathematica. The difficulty in employing the technique is the choice of the order to get  the best
approximant. The diagonal approximants are most appropriate approximants. So, to get better results, the pair of DTM
and diagonal approximants [N/N] have been used in this paper.

5. Approximate solution by DTM-Pad ̀
Applying differential transform on Eq. (6), we can obtain following iterative formula:( ) = 1(−2 + )(−1 + ) (−2 + ) (−2 + )

+ (1 + )(−2 − + ) (1 + ) (−2 − + )
− (−2 − + )(−1 − + )F( )F(−1 − + ) .

(12)

We can consider the boundary conditions given in (7) as follows(0) = 0, ′(0) = 1, ′′(0) = (13)

For initial values in (13), the differential transform equivalence is as follows:(0) = 0, (1) = 1, (2) = (14)

Substituting the conditions (14) in (12) and using recursive method, we can obtain values of ( ) for = 3, 4, 5, …… as
follows: (3) = +6 , (4) = 124 (−2 + 4 + 2 )(5) = 160 −2 − − + 12 ( + ) + (4 + + ) .
The ( ) for other values of are determined in similar fashion. Substituting all the components of ( ) into (11), we
can obtain the solution in a power series form as

( ) = 1! ( ) ( − ) ≈ ( )( − ) .
Taking = 20, we can get the following solution:( ) = + 2 + 16 ( + ) + 124 (−2 + 4 + 2 ) + 160 (−2 − − + 12 ( + ) + (4 ++ )) + 1120 (−43 ( + ) + 12 (2 − 4 − 2 ) + 16 (−2 + 4 + 2 ) + (2 (+ ) + 13 (−2 + 4 + 2 ))) +. . …+ (20) .
Applying Pad ̀ approximation to the series solution in (15) for the different values of parameters and along with the
asymptotic boundary condition ′(∞) = 0, we can derive the values of ′′(0), which is the skin friction coefficient at the
wall.

For = 1 and = 0, 1,  we can obtain the following rational functions from (15):
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( )[ / ], , = + 3(− + )2(−2 + 3 )1 − 2(−2 + 3 ) + (4 − 3 )12(−2 + 3 )
( )[ / ], , = + 3(−2 + )2(−4 + 3 )1 − −4 + 3 + (8 − 3 )6(−4 + 3 )

The values of ′′(0) are listed in Table 1. For = −1,−1.5, and = 0, we have divergent values. The exact solution of
Eq. (6) exists for the special case = 1 [17], as( ) = 1 − (−√1 + )√1 + . (16

)

Table 1: Comparison of the values of ′′(0) obtained by Pad ̀ approximants, HPM, Shooting method and exact
solution

β M [2/2] [4/4] [6/6] Shooting [6] HPM [16] Exact [17]

1 0 -1 -1 -1.09936 -1

1 -1.41421 -1.41421 -1.38253 -1.41421

1.5 0 -1.1547 -1.1547 -1.16845 -1.1486 -1.1547

1 -1.52752 -1.52752 -1.529525 -1.5252 -1.527525

-1 0

1 -0.816496 -0.861298 -0.851808 -0.8511 -0.816496

-1.5 0 0.72725

1 -0.57735 -0.669462 -0.56835 -0.6529 -0.57735

6. Results and discussion

It can be seen from Table 1 that excellent results have been obtained by using diagonal Pad ̀ approximants [2/2], [4/4]
and [6/6] for all the cases. The values of skin friction coefficient ′′(0) are almost in agreement with those values which
had been obtained by HPM [12].

Figure 1: Comparison of the solutions by the DTM- Pad ̀ [2/2] and exact solution for = , =



1076 Mr. C.N. Guled

International Journal of Engineering Technology Science and Research
IJETSR

www.ijetsr.com
ISSN 2394 – 3386
Volume 5, Issue 4

April 2018

Figure 2: Comparison of the solutions obtained by DTM- Pad ̀ [2/2] and exact solution for = , =
From Figs. 1, 2, it is clear that as the magnetic parameter increases, the thickness of boundary-layer decreases. From
Figs. 1, 2, it is also evident that the values of obtained by DTM- Pad ̀ [2/2] are completely in agreement to the exact
values of .

7. Concluding remarks

In the present paper, the series solution is obtained by using DTM- Pad ̀ method and then the present solution has been
compared with the exact solution for = 1 [17] (Figs. 1, 2). An excellent agreement is observed. It has been shown that
for finding solution of boundary value problems containing a system of nonlinear differential equations, the grouping of
DTM and Pad ̀ approximation is a commanding technique.
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