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Abstract: The purpose of the paper is to show that the Maxwell’s field equations of electrostatic fields are 

significantly related to the Bianchi identities and projective curvature tensor in Riemannian Geometry. 

Further, we obtain the  integral form of the Maxwell’s equations for electrostatic field in  the space-time 

system. In fact, we obtain the conditions for the electric flux around a closed boundary curve C of the open 

surface S to be zero. Some special cases of results are also obtained. 
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1. Introduction: 

          Let 
nM  be a connected differentiable manifold of dimension 2n  covered by system of co-ordinate 

neighborhood  ix ;U  , where U is the neighborhood and 
ix  denote the local co-ordinates in U and indices h, 

i, j, k, ….. taking on the values 1, 2, 3, ….., n. Let g be the Riemannian metric which is the second order 

tensor with covariant components ijg  and with contravariant components 
ijg . Let   be the Riemannian 

connection with components 
h

ji  called Riemann Christoffel symbols. Raising and lowering of indices are 

carried out using 
ijg  and  ijg  respectively. Einstein summation convention are used in this paper. 

          We consider the electrostatic field E in the space time system i.e. in  
4Mt) ,M( 3

. Zafer Ahsan and 

Musavvir Ali[4], [5] developed properties of  projective,    conformal  and some other curvature tensors. 

Relations between them are used for electromagnetic field equations, that is, Maxwell field equations. The 

purpose of the paper is to show that the Maxwell’s field equations of electrostatic fields are significantly 

related to the Bianchi identities and projective curvature tensor in Riemannian Geometry. Further, we obtain 

the  integral form of the Maxwell’s equations for electrostatic field in  the space-time system. In fact, we 

obtain the conditions for the electric flux around a closed boundary curve C of the open surface S to be zero. 

We quote one of the Maxwell’s field equation for electrostatic fields [3][5] 

 

(1.1)                                                          0 
C

TdSE  

where E is the electric field vector, T is tangent vector to a closed boundary curve C of the open surface S.. 

 

2. Main Results: 

          In this section, we consider the 4-dimensional space 
4Mt) ,M( 3

. The indices h, i, j, k, ….. running 

over the range 1, 2, 3, 4. One of the four co-ordinates may be taken as time co-ordinate t. We study our results 

in space-time system and shown the importance of  the General Relativity Theory (GRT) in Electrical 

Engineering. 
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          Let 
h

kjiR   and  R  are the Riemannian Christoffel  curvature tensor field of type (1, 3) and Ricci 

curvature tensor of  
nM respectively. Let R  be the scalar curvature of  

4M . We quote the following two 

famous identities from Differential Geometry which are needed in our study [2] 

 

(1)                                                              
h

jki

h

kji RR   

(2)                                                   0 h

kilj

h

iljk

h

kjil RRR  

In Classical Differential Geometry, (2) is called second Bianchi identity. Using Bianchi identity (1) and 

contracting Bianchi identity (2) with respect to l and h , we get [2] 

(2.1)                                                  0 kijjik

t

kjit RRR . 

Now multiplying by 
ijg , we get 

(2.2)                                                           RR k

t

kt 
2

1
 

We define the electrostatic field tensor E with contravariant components jiE  of second rank on 
4M  by 

(2.3)                                                    jijijiji cgRgRE 
3

1
, 

where c is a nonzero constant. Equation (2.3) has 16 equations, but jiE  is a symmetric tensor and therefore 

there are only 10 field equations which are independent. 

          The projective curvature tensor P of type (1,3) with components 
h

kjiP  is given by [2],[5] with 2n  

(2.4)                                           ki

h

jji

h

k

h

kji

h

kji gRgRRP 
3

1
 

          The tensor P is invariant under the projective transformation. Now taking covariant derivative w.r.t. l on 

both sides of (2.4), we find 

                                         ki

h

jlji

h

kl

h

kjil

h

kjil gRgRRP 
3

1
 

Now on contracting w.r.t. l and h and futher using (2.1), (2.2), we get 

                                         ki

t

jtji

t

kt

t

kjit

t

kjit gRgRRP 
3

1
 

                                                   ki

t

jtji

t

ktkijjik gRgRRR 
3

1
 

                                                   kijjikkijjik RgRgRR 
3

1
 

We quote the Stoke’s Theorem which is needed in this section. Here after we consider the open surface S 

whose boundary is the smooth closed curve C. 

Stoke’s Theorem: If E be a tensor field of type (2, 0) on   
4M , then  [1] 

 

(2.6)                                               
C

rjqp

rpqi

ji dSn)E(dxE  
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where 
rn  is the components of the unit outward normal to surface S of  

4M , ijE  are the contravariant 

components of tensor E,  dS is the surface element of S  with the closed boundary curve C. Note that 
rpq  is 

the Eddington’s epsilon defined by [2] 

                                  

                                  1 rpq
,     when )r q, ,p(  form an even permutation of   )4 3, 2, ,(1  

                                         1 ,   when )r q, ,p(  form an odd permutation of   )4 3, 2, ,(1  

                                         0 ,    otherwise. 

 

Theorem A: Maxwell’s field equations in integral form 

If  E be the electrical field tensor of type (2,0) in 
4M  and 0divP , on S  

 (or on S,  0 h

kjih P ), then 

(2.7)                                        0
C

i

jidxE , 4 3, 2, 1, j ,i  . 

where ijE  is the covariant components of the tensor field E, C is the closed path which forms the boundary of 

the surface S  of 
4M  and 

idx  is the displacement element along the tangent. 

The equation (2.7) simply asserts that the electrical field around the closed path C is zero in  

 the space time system with respect to any frame of reference. In fact, E   originates and ends in zero or work 

is done by E around the closed path is zero. Thus the equation (2.7) may be characterized as “ no work is done 

in carrying a unit charge around a closed path C ” 

 

Proof of Theorem A: 

Since from (2.3) and (2.5), 

                                               kijjikkjiji EEFE Curl   

                                                              RgRgRR jkikjikijjik 
3

1
 

                                                            
l

kjil P  

(2.8)                                                    P div  

 

           Now using Stoke’s Theorem for open surface i.e. from (2.6),  (2.8) and the hypothesis of Theorem, we 

find 

                                                    
S

rjqp

rpq

C

i

ji dSn)E(dxE  

                                                                 
S

rnjq

rpq dSnF  

                                                                 
S

r

l

pqjl

rpq dSn)P(  

                                                                0  

 

From this the proof of the Theorem A follows. 
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3. Special Cases: 

(i) If  
4M  is the space of constant sectional curvature, then it is an Einstein space i.e. 

                                                               jiji g
R

R
4

  

Here R constant 

So that from (2.3), 

                                                           jiji g
R

cE 









12
 

From which we obtain 

                                                       0 ji

k

ljik E curlP  

which yields (2.7). Thus we have the Theorem B. 

 

Theorem B: Maxwell’s field equation in integral form 

          If  E  be the electrostatic field tensor of type (0, 2) in 
4M  and 

4M  is of constant sectional curvature, 

then 

                                                            0
C

i

jidxE , 

where jiE  is the covariant components of the tensor field E, C is the closed path which forms the boundary of 

the surface S  of  
4M  and 

idx  is the displacement element along the tangent. 

(ii) From cartesian frame of reference i.e. in the Euclidean space 
4E  as special case, (2.7) reduce to  

                                                                   0
C

i

jidxT , 

where  jiT  is cartesian  tensor for the static electric field. Note in this case 0R , 0jiR  and therefore  

                                       jiijji cgTE      or   cTTTT  44332211  

which yields 

                                                                    0T curl   
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